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Abstract: Several characterizations of b-AM-compact operators are considered in this paper, we show 
that: 1) If F is an infinite-dimensional Banach lattice, then E is a K B-space if and only 
if every AM-compact operator from Ẹ into F is bbAM-compact. 2) The Banach lattice E 
is a discrete K B-space if and only if every continuous operator from E into Banach lattice 
F is b-AM-compact. 3) If the topological dual E’ is discrete, then every b-weakly compact 
operator from Banach E into Banach space X is b-AM-compact. Moreover, following prop- 
erties about the problems of domination in the class of positive b-AM-compact operators 
are established: 1) If E and F are two Banach lattices, then for all operators S, T : E => F 
such that 0 < S < T and T is b-AM-compact, the operator S is b-AM-compact if and only 
if the norm of F is order continuous or E’ is discrete. 2) If S, T are two operators from E 
into F with 0 < S < T, if T is bbAM-compact, then S? is likewise b-AM-compact. 
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1 Introduction 


The Riesz spaces considered in this note are assumed to have separating order duals. For 
unexplained terminology on Riesz space, we refer to [1,2]. 

Definition 1 A subset A of a Riesz space E is called b-order bounded in Æ if it is order 
bounded in (E~)~. A Riesz space is said to have property (b) if A C E is order bounded 
whenever A is order bounded in (E~)~. 

A Riesz space E have property (b) if and only if for each net {rq} in E with 0 < za Î < ĉ 
for some ĉ € (E™)~, {xq} is order bounded in E. 

Note that every perfect Riesz space as well as every order dual has property (b). And every 
reflexive Banach lattice has property (b). Moreover, every K B-space has property (b) and if 
(E~)~ is retractable on E then E has property (b). On the other hand, considering A = {en} 
in co, we see that co does not have property (b). 


2 Characterizations of the b-AM-compact operators 


Let E, F be Banach lattices and X a Banach space. 

Definition 2 An operator T : E — X is called b-AM-compact if T maps each b-order 
bounded subset of E into a relatively compact subset of X. 

The collection of all b-AM-compact operators from E into X is denoted by Cy_-am(E, X). 
Then Cy-am(E, X) is a closed subspace of L(E, X), the space of continuous linear operators 
from E into X. Recall that operators mapping order intervals into relatively compact sets are 
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called AM-compact operators and are denoted by Cam(E,X). Let C(E,X) be the space of 
compact operators. Clearly, we have C(E, X) C Cy-am(E, X) C Cam(E, X}. 

We now give examples to show that these inclusions are proper. 

Example 1 (a) Consider the identity operator I : lp — lp(1 < p < oo). Since lp is 
a reflexive Banach lattice, b-order bounded subset of lp is order bounded and is relatively 
compact. That is to say, I is bbAM-compact. But J is not compact. 

(b) Consider the identity operator I : co — co. Since co is a discrete Banach lattice with 
order continuous norm, J is AM-compact. But it is not b-AM-compact. However as lı is a 
KB-space, I’ : l — lı is a b-AM-compact operators. 

(c) Although, J : lı > l is a b-AM-compact operator, I’ : loo — loo can not be b-AM- 
compact. 

Theorem 1 If F is a infinite-dimensional Banach lattice, then E is a K B-space if and 
only if every AM-compact operator from E into F is b-AM-compact. 

Proof If E isa KB-space, E has the property (b), thus every AM-compact operator from 
E into F is b-AM-compact. 

Conversely, if every AM-compact operator from E into F is b-AM-compact, but Æ is not a 
K B-space, then it contains a sublattice H which is isomorphic to co (see (2, Theorem 2.4.12}). 
Let w be this isomorphism, it admits a positive extension w : E — co (see [3, Theorem 1]). 

Since every positive operator S : co + F is AM-compact, but need not to be b-AM-compact. 
We consider the operator product S ow : E> cg — F. It is positive and AM-compact but not 
b-AM-compact. 

Theorem 2 For Banach lattice E the following assertions are equivalent: 

1) Eis a discrete K B-space; 

2) For any Banach lattice F, every continuous operator from E into F' is b-AM-compact. 

Proof Let E be a discrete and KB-space, T be a continuous operator from E into F, 
and A be a b-order bounded subset of E. Since every K B-space has property (b), A is order 
bounded in E, so there exists a positive element x € E, with A C [—2, a]. Since E is discrete 
with order continuous norm, the order interval [—z, x} is a compact subset of E and it is norm 
closed. Since the closure of A is a subset of [—z, z], it follows that A is a relatively norm compact 
subset in E. From T is a continuous operator, T(A) is relatively norm compact subset of F (see 
[1], Theorem 17.1). So L(E, F) C Cyam(E, F). On the other hand, Cy-am(E, F) C L(E, F) 
is satisfied (see [4, Theorem 1.3]), it follows that L(E, F) = Cp-am(E, F). 

Now we assume that L(E, F) = Cy-am(E,F) holds for every Banach lattice F. Then the 
identity operator I : E > E is a b-AM-compact operator, thus it is b-weakly compact, it follows 
that E is a K B-space (see [5, Proposition 2.10]). From J : E > E is b-AM-compact, it follows 
that the order interval in E is relatively compact. Since the order interval in Banach lattice is 
norm closed, it follows that the order interval in E is compact. Therefore, E is discrete (see [6, 
Corollary 21.13]). 

Recall that an operator T : E — X, mapping each b-order bounded subset of E into 
a relatively weakly compact subset of X is called a b-weakly compact operator. A nonzero 
element z of a vector lattice E is discrete if the order ideal generated by x equals the subspace 
genérated by x. The vector lattice E is discrete, if it admits a complete disjoint system of 
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discrete elements. 

Theorem 3 If the topological dual Æ” is discrete, then every b-weakly compact operator 
from Banach lattice E into Banach space X is b-AM-compact. 

Proof Let A be a b-order bounded subset in Æ. We choose ĉ € EY with A G [—4, 2]. Ig 
be the principal ideal generated by ĉ in E” and Y = I; NE. Denote by T, the restriction of the 
operator T to Y. Since T is b-weakly compact, it follows that T : Y — X is a weakly compact 
operator. Then T’ : X’ — Y” is a weakly compact operator. Since (Y, || - ||.) is an AM-space, 
its topological dual Y’ is an AL-space. If we denote by B the solid hull of T’(Bx-) where Bx: 
is the unit ball of X’, it follows that each disjoint sequence of B is convergent for the norm of 
Y’ (see [6, Theorem 21.10]). 

Now, the inclusion mapping I : Y — E is a lattice homomorphism, it follows that I’: E’ > 
Y” is interval-preserving, where Y” is the topological dual of (Y, ||- ||.o), hence E’ is an ideal of 
Y’. And each discrete element of F’ is a discrete element of Y’. Since the Banach lattice E’ 
is discrete, it follows that B C E’, then B is contained in the band generated by the discrete 
element of Y’. Hence, it results that the solid bounded subset B is relatively compact for the 
norm of Y’ (see [6, Theorem 21.15]). So T’(Bz’) is also relatively compact for the norm of Y”. 
This shows that the operator T’ : X’ — Y” is compact and then T is a compact operator from 
Y into X. This, together with the fact that A is norm bounded imply that T(A) is relatively 
norm compact. 

The following example shows that the above theorem is not sufficient. 

Example 2 There exist a operator T : lœ —> X such that T is compact (see [3, Theorem 
1}). Hence T is b-weakly compact and b-AM-compact. But the topological dual (1,,)’ is not 
discrete. 


3 The domination of the b-AM-compact operators 


An application of Theorem 3 generalizes this theorem as follows. 

Corollary 1 Let E and F be Banach lattices, such that E” is discrete, and let S, T : E — F 
be operators with 0 < S < T. If T is b-AM-compact, then so is S. 

Theorem 4 Let E and F be Banach lattices, such that for each ĉ € EY , the vector lattice 
(Yz)' is discrete, and let S, T : E — F be operators with 0 < S < T. If T is b-AM-compact, 
then so is S. 

Proof Let S and T be operators from E into F such that 0 < S < T and T is b-AM- 
compact. It is clear that S is b-AM-compact if and only if for each ĉ € E}, the restriction 
S iy; from Yz into F is compact, where Ys = Jz N E and I; is the principal ideal generated by 
ĉ in E”. Since T \y, from Yz into F is compact, 0 < S iy, < T ty, and (Yz)’ is discrete with an 
order continuous norm, it follows that S ty, is compact (see [3, Theorem 1]). 

Theorem 5 Let E and F be Banach lattices. Then the following statements are equiva- 
lent. 

1) For all operators S, T : E — F such that 0 < S < T and T is b-AM-compact, the 
operator S is b-AM-compact; 

2) One of the following conditions holds: 

a) The norm of F is order continuous; b) £’ is discrete. 
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Proof 2)-a)> 1) Let A of E be a b-order bounded subset with A C [—2, 4], Iz be the 
principal ideal generated by ĉ in E4’ and Y = I N E. Denote by T, the restriction of the 
operator T to F. Since (Y, ||- |l) is an AM-space, its topological dual Y’ is an AL-space, 
together with the fact that F has order continuous norm, it follows that S : Y — F is a compact 
operator (see [1, Theorem 16.20]), and S : E — F is b-AM-compact. 

2)-b)> 1) It is just the Corollary 1. 

1) 2) Assume that either of the conditions a) and b) is true, Theorem 2.10 of [7] implies 
the existence of two operators S and T from E into F such that 0 < S < T and T is compact, 
the operator S is not AM-compact. 

Theorem 6 Consider the scheme of operator E ae eS , where E and G are Banach 
lattices, if Sı is dominated by a b-AM-compact operators, and S_ is dominated by a o-weakly 
compact operator, then S25; is b-AM-compact. 

Proof Since S2 is dominated by a o-weakly operator, it follows that S2 is a o-weakly 
operator (see [1, Corollary 18.2]). Thus S admits a factorization through Banach lattice F 
with order continuous norm (see [2, Theorem 3.4.6]). Clearly, QS; : E — F is dominated by 
a b-AM-compact operator. Since the norm on F is order continuous, it follows from Theorem 
5 that QS, : E — F is a b-AM-compact operator. Consequently, S2651 = S(QSı) is an 
b-AM-compact operator. 

Corollary 2 Let S, T be operators from E into F with 0 < S < T. If T is bbAM-compact 
then $? is likewise b-AM-compact. 
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